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Abstract

In the non-Abelian tensor gauge field theory a lower-rank field is represented
by a general nonsymmetric tensor and describes the propagation of charged
bosons of helicities two and zero. We clarify and prove this result from
different perspectives which would include generalized Bianchi identities and
the analysis of the corresponding partial differential equation. We suggest a new
method for counting propagating modes in general gauge field theories. We
derive also the expression for the energy—momentum tensor and confirm that
its nonzero components get contribution only from helicity-two and helicity-
zero states. We extended this analysis considering the interaction between two
currents caused by the exchange of a tensor gauge field and proved that the
residue at the pole is the sum of three terms each of which describes positive
norm polarizations of helicity-two and helicity-zero bosons.

PACS numbers: 11.15.—q, 14.70.—e, 14.70.Pw, 11.30.Ly, 11.15.Bt, 12.60.—i

1. Introduction

An infinite tower of massive particles of high spin naturally appears in the spectrum of different
string field theories [1-7]. It is generally expected that in the tensionless limit or, what is
equivalent, at high-energy and fixed-angle scattering [8—10] the string spectrum becomes
effectively massless and it is of great importance to find out the corresponding Lagrangian and
its genuine symmetries [11-18].

In quantum field theory, the Lagrangian of free massless Abelian tensor gauge fields has
been formulated in [19-29]. The problem of introducing interactions appears to be much more
complex and there has been important progress in defining self-interaction of higher-spin fields
[30—41].

A possible extension of the gauge principle which defines the interaction of non-Abelian
tensor gauge fields has been made recently in [42]. Recall that non-Abelian gauge fields
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are defined as rank-(s + 1) tensor gauge fields AZMWM ! and that one can construct infinite
series of forms L;(s = 1,2,...) and £,(s = 2,3, ...) which are invariant with respect to
the extended gauge transformations [42]. These forms are quadratic in the field strength
tensors Gy, ; ., - The resulting gauge-invariant Lagrangian defines cubic and quartic self-
interactions of charged gauge quanta carrying a spin larger than one [42—46]. The gauge-
invariant Lagrangian describing dynamical tensor gauge bosons of all ranks has the form

[42-44]
£=£1+g2£2+g££/2+'-', (11)

where £ is the Yang—Mills Lagrangian. For the lower-rank tensor gauge fields the Lagrangian
has the following form [42—44]:

£y =-1G% .G

v T v
. 1 ~a a 1 ~a a
‘Cz - _ZG;W,A uv,A ZG/u) JLV,ALY (12)

/1 a a
£2 - +4G;w,AG/U\,v

where the generalized field strength tensors are
G4, = 0, A% — 8,A% + gf*" AV A,

1 ~a a 1 ~a a
+ ZGV.U,\;G;M.A + EG/LVG/L)\.,U)\.’

Gl = 0u ALy — DAL, + 8 f " (A] A, + AT AY), (1.3)
a a a abc b pc b c b c b c
woap = 8qu\p — aVAMp +gf (AMAW\'O + A/MAvp + AMAM + AMPAV) e

The definition of the Lagrangian forms £, and £ for higher-rank fields can be found in the
previous publications [42-44]. The above expressions define interacting gauge field theory
with infinite many gauge fields. Not much is known about physical properties of such gauge
field theories and in the present paper we shall focus our attention on the lower-rank tensor
gauge field Aj;, which in this theory is a general nonsymmetric tensor with 4 x 4 = 16
spacetime components (or d x d = d” in d-dimensions)’.

Each term in the Lagrangian (1.1) is separately gauge invariant; therefore, extended gauge
invariance does not fix the value of the parameters g, and g;. It has been found that if g} = g»
in (1.1) the quadratic part of the Lagrangian £ for the field A7, describes the propagation of
helicity-two and helicity-zero A = %2, 0 charged gauge bosons [42-44]. Otherwise if one
takes g5 # g» then there will be negative norm states in the spectrum. To find out why it
happens is our main concern in this paper.

In the following two sections we analyze this question from different perspectives which
would include generalized Bianchi identities for the field strength tensor Gy, ; ., and the
direct analysis of the partial differential equation which describes in this theory the propagation
of the tensor gauge field A7, . For that we suggested a new method for counting propagating
modes in general gauge field theories in the form of equation (3.7) and shall apply it to the
tensor gauge field theory. This clarifies and proves that the second-rank tensor gauge field
A}, describes three polarizations A = £2, 0 only when g = &.

In section 4, we derive the expression for the energy—momentum tensor (4.11), (4.16) and
confirm that its nonzero components get contribution only from helicity-two and helicity-zero
states.

In section 5, we extend this analysis to the interaction of two tensor currents caused by
the exchange of tensor gauge bosons and prove that the residue at the pole is the sum of three
terms each of which describes positive norm polarizations of helicities A = 2, 0.

' Tensor gauge fields Aﬁhl--h (x),s = 0,1,2,... are totally symmetric with respect to the indices A; ---A;. A
priori the tensor fields have no symmetries with respect to the first index . In particular we have A:’M # AS . and
A“Ap = Afwk # A9 . The adjoint group index a = 1, ..., N> — 1 in the case of SU(N) gauge group.

I8 App
2 One should multiply these numbers by the dimension of the gauge group, N2 — 1 in the case of SU(N).
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2. Gauge symmetries and current conservation

The Lagrangian (1.1), (1.2) can be represented as a sum of two terms,
L =K+ Lin,

where the first term is quadratic in fields and the second one defines the cubic and quartic
interaction of fields. To analyze the particle spectrum of the theory we have to consider the
kinetic term K; therefore, we shall take the coupling constant g equal to zero in (1.3). As
it follows from (1.2) the kinetic term describing the propagation of the tensor gauge field
Aj,;, # Aj, has the following form [42-44]:

K= gz(_leFﬁu,Asz,)\) + gé(%FSu,AFZA,u + %FSI),VFS)\,)L)’ (21)
where

Fi, 5 = 0uA7, — 0,A%;. (2.2)
It is invariant with respect to the gauge transformation &,

SAL, = 087, (2.3)
because 8: Fyj,, = 0. When g = g5, K becomes invariant also with respect to the
complementary gauge transformation § [44],

SAS, = 0.l (2.4)
The field strength tensor F;, ; (2.2) transforms with respect to this transformation as follows:

8y Fppyx = 0 (8umy — 9umfy)- 2.5)

The kinetic term K is obviously invariant with respect to the first group of gauge transformations
8K = 0, but it is less trivial to see that it is also invariant with respect to the complementary
gauge transformations 6. The § transformation of K is

51 = L — )+ S0t — )+ L5 0t — )

= 3 Fjad0umi + S Fj 0 (9 — By,
where we combined the first, the second and the fourth terms and used the fact that the third
term is identically equal to zero. Just from the symmetry properties of the field strength tensor
it is not obvious why the rest of the terms are equal to zero. Therefore we shall use the explicit

form of the field strength tensor F, ;, which gives

S = %(aﬂAik - a”AZA)alaan + %(alf-A\(fv - 3VAZU)3A(3M7§ - 3A’72)'

From the corresponding action Sy = [ K dx, after partial differentiation we shall get that the
term 9, A%, - 0, (3.m% — 9, ni) gives a zero contribution and the rest of the terms cancel each
other [ (50, A%, —8,A%,) - 9,.9,n% — 50,A%, - 9, (9,m§ — dun%)) dx = 0. This demonstrates
the invariance of K with respect to 8 and § transformations when g, = g, in (1.1) [42].

Let us now consider the interaction of the tensor gauge field Aj; defined by the total
Lagrangian (1.1), (1.2). In order to see what type of restrictions are imposed on the interaction

we shall consider the full equation of motion when g # 0. It follows from the Lagrangian
(1.1) that

a 1 a
aMF/,w,A - E(a/lF;LA,v

where all terms containing a coupling constant g are written on the lhs, see [42—44] for details.
This equation contains two terms 9, F<, , and —3 (0, F, ,+ 0, F,  +0,FS,  +1,,0,F¢) ),
which arise from £, and £, respectively. The derivatives over 9, of both terms in the equation

+ 0, F

o F O FL, Ao FL, ) = T (g, A),  (2.6)

[an
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are equal to zero separately. Indeed, due to the antisymmetric properties of the field strength
tensor Fy, ; under the exchange of 4 and v we have

o Fy,, =0,
as well as
=30 {0uFl  + 0uFf  + 0 FL,  + M0 Fl, ) =0.
Thus it follows from (2.6) that
0,J55, = 0. @7

Hence, the current J{, must be divergenceless over its first index. Now, let us take derivative
over 9, of the lhs of equation (2.6), that is, the derivative over the second index of the
nonsymmetric current . We see that

3)\3 F/wk # 07
as well as
— 300 {0uF 0 Ff  + 0 FS,  +muduF,

= 8}\{8 Fkvu+a)\ “W+77w\3u M),g}5£0'

Thus, it is not obvious to see the conservation of the nonsymmetric current J{, with respect
to its second index A. Therefore we have to use the explicit form of the field strength tensor

Fj,, = 0,A7, — 0,A7,, this gives
8;\8 F;wk 8,\{8 Fukv+8 F)\.UM+8)“ Wﬂ+n\,;\3 MPP}
= 00, Fl,; — 3000, F), , — $9°F,  — 30,0, F¢

= 30,0, (0, A%, — 0,AL,) — 30%(0, A%, — 3,A%)
—30,0, (0, A%, — 0,A%,) = 0.

Therefore the sum of the two nonzero expressions presented above are equal to zero, thus
[42-44]

9J% = 0. 2.8)

The natural question which arises here is connected with the fact that in order to see these
cancelations one should use the explicit form of the field strength tensor F, ;, and it remains
a mystery, why this takes place only when the relative coefficient between the invariant forms
L, and £} is equal to one (g, = g5 in (1.1)) [42].

Our main concern therefore is to understand the general reason for these cancelations
without referring to the explicit form of the field strength tensor. As we shall see, the deep
reason for these cancelations lies in the Bianchi identity (A.4), (A.5) for the free-field strength
tensor

=0, (2.9)

which we shall derive in appendix A. Indeed, we can evaluate the derivative of the lhs of
equation (2.6) to the following form:

3. F

l),\p+8vF,\ + 0, F*¢

w,p

al{a szk (aﬂFI(jkv+8 F)\vu+a*\ lel-+n")“a upp)}
——{8 FZ\,M+B 0y Flfpp+8 0, M”} (2.10)

where we have used only the antisymmetric property of F),, ; to cancel the second term and
to combine the first one with the third one of the lhs of the above equation. Now, we shall take

4
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advantage of the Bianchi identity. Taking the derivative of the Bianchi identity (2.9) over 9,
and setting v = p we get

BZFSV’M+8M8UF,fp,p+8M8,\FfA,M =0 (2.11)

and can clearly see that the last expression in (2.10) coincides with the lhs of this contracted
Bianchi identity and is therefore equal to zero. Thus (2.8) holds, 9, J, = 0.

In other words, if one repeats these calculations for arbitrary coefficients g, and g} in the
Lagrangian (1.1) g2£, + g5 L, then the last expression in parentheses (2.10) will take the form

[N up,p /
8>

0%F°  +0,0,F + <2Q - 1)aMaAF;3,M.
Comparing it with the Bianchi identity (2.11) one can see that it is equal to zero only if g» = g}
and therefore only in that case (2.8) holds.
It seems that this situation is similar to that in gravity, where both tensors R,,, and g,, R
have correct transformation properties and therefore can be present in the equation of motion

[51]
Ry —cguwR =T, (2.12)

with unknown coefficient c, but the Bianci identity Rl’f; e (1/2)R., = Otells that the coefficient
¢ should be taken equal to 1/2 [52].

In the following section, we shall present a general method for counting propagating
modes in gauge field theories. The number of propagating modes can be expressed in the
form (3.7). This method does not require gauge fixing, it simply gives a general solution of
the partial differential equation.

3. Counting propagating modes

As we have seen above, the equation of motion (2.6) which describes the propagation and
the interaction of the second-rank tensor gauge field (A}, # Af,) has the following form?
[42-44]:

FS,, —3(0"FS

. o FONFL 0 F 00t FP ) = T8 (g, A),  (B.1)

where F, , = 9, A7, — 0,A};. The equivalent form of the equations of motion (2.6) in terms
of the gauge field is [42—44]

97 (AL, — 1AL,) — 000" (Al — 1AT,) — 0.0 (AL, — 3A7,) + 0,0 (AL — SALY)
+ 3 (0497 A%, — 02 ALH) = TS (g, A). (3.2)

In momentum space this type of second-order partial differential equations can always be
represented as matrix equation of the following general form:

Hog"? ()AS, = J¢

ad?

(3.3)

where H,4"7 (k) is a matrix operator quadratic in momentum k,. In our case it has the
following form [42—44]:

Hozo'zy}?(k) = (_77011/7702)? + %7701}?7702;/ + %Uao‘ﬂ?y?)kz + nayko'tky + nd]?kaky
- %(na}?ko’zky + no’zykak)? + nozo'zkyk}? + ny}?kozkd)v (3.4)

3 From now on the Lorentz indices of the tensor fields are raised and lowered with flat spacetime metric
nw = (=1,1,1,1).
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with the property that Hygyy = H,yqq. First of all, we shall solve the equation in the case
when there are no interactions, J;, = 0,

H,s"7 (k) A%, = 0. (3.5)
The vector space of independent solutions A, of this system of equations crucially depends
on the rank of the matrix H,s?” (k). If the matrix operator H has dimension d x d and its rank
is rank H = r, then the vector space has the dimension

N=d-r
Because the matrix operator Hy4"7 (k) explicitly depends on the momentum k,,, its rank H = r
also depends on momenta and therefore the number of independent solutions A/ depends on
momenta

N(k) =d —r(k). (3.6)
Analyzing the rank H of the matrix operator H one can observe that it depends on the value
of momentum square ki. When ki # 0—off mass-shell momenta—the vector space consists
of pure gauge fields. When ki = (0—on mass-shell momenta—the vector space consists of
pure gauge fields and propagating modes. Therefore the number of propagating modes can
be calculated from the following relation:
number of propagating modes = N (k) |29 — N (k)220 = rank H ;229 — rank H 2.

3.7

Before considering the equation of motion for the tensor gauge field (3.5), let us consider for
illustration some important examples.

3.1. Vector gauge field

The kinetic term of the Lagrangian which describes the propagation of a free vector gauge
field is

K=—1F,F" (3.8)
and the corresponding equation of motion in the momentum space is
H,e, = (—k*8) +kok”)e, =0, (3.9)

where A, = e, exp (ikx). We can always choose the momentum vector in the third direction
k* = (w, 0, 0, k) and the matrix operator H takes the form

—k? 0 0 —kw
0 -k 0 0
Y —
Ho" = 0 0 w? — k> 0
kw 0 0 w?

If @* — k? # 0, the rank of the four-dimensional matrix H,” is rank H|,2_s. = 3 and the
number of independent solutions is 4 —3 = 1. As one can see from the relation H,"” (k)k, =0
this solution is proportional to the momentum ¢, = k, = (—w, 0,0, k) and is a pure gauge
field. This is a consequence of the gauge invariance of the theory e, — e, +ak,. If
w? — k* = 0, then the rank of the matrix drops, rank H|,>_—y = 1, and the number of
independent solutions increases: 4 — 1 = 3. These three solutions of equations (3.9) are

-1 0 0
1 0 0
(gauge) _ _~ I — @ _
e]/ - ﬁ 0 ’ ey O k] ey 1 ’
1 0 0
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from which the first one is a pure gauge field (~k, ), while the remaining two are the physical
modes, perpendicular to the direction of the momentum. The general solution at w? — k*> = 0
will be a linear combination of these three eigenvectors,
e, =ak, + cle;I) + cze)(,z),
where a, ¢y, ¢, are arbitrary constants. We see that the number of propagating modes is
rank H |2 220 —1ank H |2 o0 =3 — 1 =2,

as it should be.

3.2. Symmetric tensor gauge field

The free gravitational field is described in terms of a symmetric second-rank tensor field £,
and is governed by the Einstein and Pauli—Fierz equation,

3%h,; — 3y 0" hyp — 030" hypy + 3y03 A1, + Mua (8“8”hup — 82hﬁ) =0, (3.10)
which is invariant with respect to the gauge transformations

8hyy = 0,6 + 0,6, (3.11)
that respects the symmetry properties of A,,. The corresponding matrix operator is
Haiyy (k) = {Naanyy — 2 Oay Nay + NayNay) }o* — Naaky ky — 1, pkaks

+ %(naykyko'z + T]d);ko,ky + naykdk)? + T)o',ykak);) (312)
and is a 10 x 10 matrix in four-dimensional spacetime with the property Hygyp = Hgoyyp =
Hygpy = Hy,yqq and is presented in appendix B.

If > — k> # 0, the rank of the ten-dimensional matrix H,g"” (k) is equal to
rank H|,2_4240 = 6 and the number of independent solutions is 10 — 6 = 4. These four
symmetric solutions are pure gauge tensor fields. Indeed, if again we choose the coordinate

system so that k¥ = (w, 0, 0, k), then one can find the following four linearly independent
solutions:

—w* 0 0 0 0 - 0 0
o 0o 000 o 0 0 k
=10 00 0} o0 0 0 ol
0 0 0 k2 0 k 0 0
(3.13)
0 0 —w 0 20 0 0 k
0 0 0 0 0 00 0
—0 0 0 k|’ 0 00 0]
0 0 k 0 k 0 0 0

pure gauge field solutions of the form (3.11) e,y = k,&; + k;&, as one can see from the
relation

Heog?7 (k) (k& + kyE,) = 0. (3.14)
When w? — k> = 0, then the rank of the matrix Hygyy (k) drops and is equal to
rank H|,2_;2—o = 4. This leaves us with 10 — 4 = 6 solutions. These are the four pure gauge

solutions (3.11) and two additional symmetric solutions representing propagating modes: the
helicity states of the graviton

0O 0 0 O 0 0 0 O
o1 0 O 00 1 0
1 _ @ _
“7=1o o -1 ol %% =1o 1 0 o (3.15)
0O 0 0 O 0O 0 0 O
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Thus the general solution of the equation on mass shell is

(1 2)
yy T C26y5,

where ¢y, ¢, are arbitrary constants. We see that the number of propagating modes is

eyy = E},k}; + S)?ky +cCe

rank H |2 240 —rank H |2 o9 =6 —4 =2,

as it should be.

3.3. Antisymmetric tensor gauge field
The antisymmetric second-rank tensor field B,,, is governed by the equation [47-50]

3B,y — 3,0" By + 3,0 By, = 0, (3.16)
which is invariant with respect to the gauge transformations

8By = 0umn — 0y (3.17)
that respects the symmetry properties of B,,,. The corresponding matrix operator is
Hygyp (k) = —%(Uaynozy — Nay gy k>

— 3 (aykyka — Naykaky + Naykaky — Naykaky) (3.18)

and is 6 x 6 matrix in four-dimensional spacetime with the property Hygyy = —Hgayy =
—Hygy, = Hyyqq and is presented in appendix B.

If > — k*> # 0, the rank of the six-dimensional matrix H,g"” (k) is equal to
rank H|,2 229 = 3 and the number of independent solutions is 6 — 3 = 3. These
three antisymmetric solutions are pure gauge fields. Indeed, in the coordinate system
kY = (w, 0,0, k), one can find the following three solutions:

0 0 w O 0 o 00 0 0 0 1
=0 0 k|0 0 00| |0 00| O
0 0 -k O 0 -k 0 0 -1.0 0 0
pure gauge fields of the form (3.17) e, ; = k, ny — ky1,,, as one can see from the relation
Hoa"” (k) (kyny — kyn,) = 0. (3.20)
When @® — k* = 0, then the rank of the matrix Hyq,y(k) drops and is equal to

rank H|,2_j2—o = 2. This leaves us with 6 — 2 = 4 solutions. These are the three pure
gauge solutions (3.17) and the antisymmetric solution representing the propagating mode: the
helicity zero state

0 0 00
0 0 1 0

4 _

% =10 -1 0 o (3.21)
0 0 00

Thus on the mass shell the general solution of the equation is
ery = kyny —kymy + cse),

where c3 is an arbitrary constant. We see that the number of propagating modes is
rank H |2 240 —rank H|2 oo =3 -2 = 1.

After this parenthetic discussion we shall turn to the tensor gauge theory.

8
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3.4. Non-Abelian tensor gauge field

Now we are ready to consider equation (3.5) for the tensor gauge field A, with the matrix
operator (3.4) which, in four-dimensional spacetime, is a 16 x 16 matrix. In the reference
frame, where k¥ = (w, 0, 0, k), it has the form presented in appendix B.

If > — k> # 0, the rank of the 16-dimensional matrix H,s”” (k) is equal to
rank H|,2_2+0 = 9 and the number of linearly independent solutions is 16 — 9 = 7. These
seven solutions are

—w* 0 0 0 w 0 0 0 0 o 00
| 0o 00 0 0 0 0O 0 0 0O
“7=1 0o o0 o] o oo of foooof
0 0 0 k° k 0 0 O 0 k 0 0
0 0 w O o 0 0 k 0 0 0O 0 0 0 O
00 0 O 0 0 0O o 0 0 k 0 0 0 O
00 0 o)’ 0 0 0 0}’ 0 0 0 0}’ o 0 0 k
0 0 £k O 0 0 0O 0 0 0O 0 0 0 O
(3.22)
pure gauge tensor potentials of the form (2.3) and (2.4)
eyy = ky&y +kyny (3.23)
as one can get convinced from the relation
Heyg?7 (k) (ky &y +kyn,) = 0, (3.24)

which follows from the gauge invariance of the action and can be checked also explicitly.
When w? — k* = 0, then the rank of the matrix Hyg,;(k) drops and is equal to

rank H|,2_;2—o = 6. This leaves us with 16 —6 = 10 solutions. These are seven solutions, the

pure gauge potentials (3.22), (3.23) and new three solutions representing propagating modes,

0 0 00 0 0 0O 0 0 0 O
0 -1 00 0 010 0 0 1 0
O _ @ _ A _
“=lo o 1 o] o1 0o |0 -1 00| O
0 0 00 00 0O 0O 0 0 0
Thus the general solution of the equation on the mass shell is
e,y =&k, + 1, ky + cle)(,l; + czef}g + 6361(//;), (3.26)

where ¢y, ¢z, c3 are arbitrary constants. We see that the number of propagating modes is three
rank H|,»_joz0 —rank H| 2 290 =9 — 6 = 3.

These are propagating modes of helicity-two and helicity-zero A = +2, 0 charged gauge
bosons [42—44]. Indeed, if we make a rotation around the z-axis,

cosd —sinf
A_<sin9 cos@)’
we get

, —cos20 —sin20 , —sin20 cos 26
eV =AeVAT = . , e? = AePAT = ) ,
—sin20  cos?26 cos26  sin26
therefore the first two solutions describe helicity A = =42 states. On the other hand, the
third, antisymmetric solution remains invariant under the Lorentz transformations; therefore
it describes the helicity-zero state.
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4. Energy—momentum tensor

We would like to consider the contribution of the general solution (3.26) into the energy—
momentum of the tensor gauge field theory. This will test from another point of view the
unitarity of the theory. One can expect that only transverse propagating modes

~ (eY] 2) (A)
eyy ~C1e,, + e+ ez “.1)

will contribute to the energy—momentum of the gauge fields and that the longitudinal, pure
gauge fields,

eyy ~ Epky + 1y ky, 4.2)
will have no contribution. Let us first begin with the free theory g = 0. The free Lagrangian
has the form (2.1)

_ 1 ra a 1 a a
K=-—3 oat 1 F L F

T3t wat 47 uv,A +lF” Fy 4.3)

A,V 47 pv, vt A A
and the equation of motion for the A, field is (2.6),

FS, 5 — 3(0uF,  + 0uFy,  + 0 Fy,  + 00, Fo, ) =0. 4.4)
By definition, the energy momentum tensor for the A, field is
aK
T, =0,A06 ————— — nuk. 4.5
v WA po 3(3VApg) me 4.5)
In order to calculate the term % we need the expression for the derivative of the field
VA po
strength tensor,
0F .«
a(avApa) = (nuvnpk nkvnpu.)nara
hence it is easy to see that
K ! ;
EJ(TAM) =—Fio+5F0p = Fpon) + 5(Foaiflpe — Foralve)
and finally we shall get
T;w = _auApo Fu,o,a + %nqupa,ero,r

+ %auApa(Fva,p - Fpa,v) - inqu)Lp,aF)\a,p
+ %(au.Aaava,p - a,uAvapc,a) - ir]y.var,era,ao (4.6)

With the aid of (4.4) one can compute the derivative of the energy—momentum tensor 7}, over
its second index v and demonstrate that it is zero,

8,T, = 0. @.7)

The energy—momentum tensor is not uniquely defined because one can add any term of the
form 9,V .,

Ty = Tuv + 0oV pips

where ¥, = —W,,,, without changing its basic property (4.7) and the total four-momentum
of the system
p= [ foav @8

10
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We can use this freedom to express 7),, solely in terms of the field strength tensor F,, ;.
Choosing

\ij_vp = Ap.c va.a - %(Ap.o Fua,p + Ap.a Fap,v + Auvak,k + AquAp,A)v (49)
which fulfills the property W,,,, = —W,,,,,, and using (4.4) we can get that
0, Wp = Fipo0pAs — %(F,,g,papA,w + Fopv0pAus + Fuoo0,Aus + Fops0pA,). (4.10)

The sum of (4.6) and (4.10) gives the final form of the expressed in terms of field strength
tensors,

Ty = =FupoFupo + 31w Fpor Fpor

+5Fup.o Foop + Fup.o Fop) = 30 Fap.a Fio.p

+ %(Etc,a Fopp+ FouvFpri) — Allnqupd,a Fpn- (4.11)
It is easy to see that the energy—momentum tensor is traceless,

T="T,, =0, (4.12)

as it should be in a massless and scale invariant theory. As it is also obvious from the final
expression that it is not symmetric 7},, # 7,,. This only means that it cannot be used for the
calculation of the angular momentum of the fields (see paragraphs 32 and 96 of [53]).

Now we can calculate the contribution of the general solution (3.26) into the energy and
momentum of the free gauge field. First of all, we can find that

FMU,A = i(_kueuk + kve;M)’
where e, is a general solution (3.26)
1 2 A
e = &k, +1n,k, + Cle;(/.v) + czel(“f + C3efw).

Using the following orthogonality relations:

k k" =0, kﬂelM = ket =0

eg;e;(zj;\) = eﬁiei{j =8, for i,j=1,2
e,ﬁﬁ)e,(ﬁ\) =1, e/(;‘}»)e)(\fb) -1

eren =ene =0, =12,

it is straightforward to see that
T = %kﬂkv (c% +c5+ 3c§). (4.13)
Thus we see that only the transverse propagating modes contribute to the energy—momentum
of the field. As expected no pure gauge fields appear in the expression (4.13).
For completeness let us derive also the expression for the energy—momentum tensor in
the interacting case when g # 0. The energy—momentum tensor for the full Lagrangian (1.1),
(1.2) is defined as usual,

T, —8A“L+8A“L+13A“ < oL + 9L )— L
T 0,ag) T e (0,ag,) T 2" \a(0,ag,,) T (0ad,) )

Note the symmetrization of the second factor of the third term. One can easily derive the
following relations:

G rpl-ten i, —Gi)
a(avAk)_ va 182 2 VA,TT 2 VT, AT rrovt) (0

aLc P N P -
—8(8VA§JLP) = gZ{_GUX,p + E(Gup,k G}\p’v) + Z(GUO’GU)L’D G)L,U(Tnl),l))}v

oL 1 Y 1 . .
8(31,14“ )-=gz _EU’OOG”)‘-’-E(TMGGW)_nW’G/\p)

Apo
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in order to get

Ty = 3 AL =G}, + 82[ 3G, 1o + 3(Glr e — Giro) ]}
+ gZaMA;l»p{_GZ/\,p + %(Gip,)\ - G?\p,v) + %(Ggﬂﬂmp = Gl oot}

+ 8250, A% 0 {190 Gl + 5 (M0 Gy + 10 Gly — M GY, — 1, Gy )} — L. (4.14)

Again we shall take advantage of the freedom we have to add terms of the form 9, W,
with W,,, = —W,,,, and express T}, solely in terms of the field strength tensors wa,

G20 Gy sy The equations of motion direct our choice of the tensor W5,
MVA __ paf_ na _lra 1a _ 1ra
v - AM[ Gkv + 82( ZG)»v,pp + ZG)»p,vp 2va,)\p)]

1
+g2AZ«p [_G;v,p + E(Gip,v - Gzp,x + nUPG;ta,o - ’MpGﬁa,a)]

a

+82A%  [=3100 G, + 3 (16 G5y + Gy — 1 Gy — Mo GYy)]  (4.15)
so that the final expression for the 7,,, — T, + 0, W, is
Ty = =G4, G4, + 110 G5,G, + 8{—G

a a 1 a a
/M,vak,p + Zn#”G/\p,a ka,v

- 3(G%,GS, ,, + G, Go) + 110G, G

VA, pp HA,pp VA Ap,o,0
1 a a a a 1 a a
+ E(Gm,ﬂva,k + Gku,kap,V) - Z”MVG)\/J,UGMW

1 a a a a 1 a a
+ E(Gup»val,/\ + ka,pGMt.,v) - ZnMVGAp,pGKU,G

+3(G4, G4, + GG, + GG+ GG L) = 3G, Gly e} (4.16)

It can be easily seen that T = T,,, = 0 and it reduces to (4.11) when g = 0 and only the
second-rank field is present.

5. Interaction of currents
The interaction amplitude between two tensor currents caused by the exchange of these tensor
gauge bosons can be found from (3.1)—(3.3) and has the following form [44]:

JI/L)\AM)LVPJva (51)

where the propagator Affiup is

1
ab  __ qab NuvMrp — 3MuaNvp
A =9 W — k2 ’ (5.2)
therefore
1 1 1
/ v oy ) I A
J A" ”va_]ukm]” _EJ"I wz—kzj'\ . (5.3)

We shall evaluate the first term in the interaction amplitude; this gives

/
Ji

1 /

— .]2/0.]2() — J3/0‘,30 + J1/1-]11 + J2,2./22 + J3,3J33 + J1/2J12
+ J2/1J21 + J{3J13 + Jélfg,] + J2/3J23 + J3/2J32}.

Taking k* = (w, 0,0, k) and using the conservation of the current (2.7) expressed in the
momentum space

k" J, =0, wJop = —kJ3,

12
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we shall get

1 o\ o\ o\ o\
PR 1 - 7 JooJoo — (1 — 7 JorJor — (1= 7 JoppJoo — |1 — 5 Jo3Jo3

— Jl/()JlO — JQ,OJZO + JIIIJH + J2,2./22 + J{2J12 + 12/1J21 + 1{3.]13 + .12/3.]23].

Now using the second conservation law (2.8) in the momentum space
k*J,; =0, wdo = —kJ,3,

we arrive at

—1 @’ ! w’ / o’ /
o2 K2 1— F JOOJOO —(1- ﬁ ]01‘]01 —(1- F ]02]02
wZ ’ w2 ’ 602 a)2 ,
—{1 - Jiodio — l_k_2 J30d20 — l_ﬁ = Todoo

1_ /
it I dn Tt Iyl

and, after simple algebra, at

1

Nz

a)z / / / / /
[(1 - ﬁ) JooJoo — Jor1Jor = JopJo2 — JipJ10 — Jzofzo}

+ [Jl/l.]”+12/2J22+J1,2J12+J2,1J2]].

02 — k2
Evaluating the second term in the interaction amplitude (5.2) in the same manner as above,
we shall finally get for the total amplitude

] a)z / !/ !/ ! /
1 — — )JgoJdoo — Jo1 Jo1 — JpaJo2 — J19J10 — Ja9d20

Nz k2
1 1 ! / / !
+m 5(./11 — Do) (i1 — J) + o+ Jy Jor . (5.4)
For the instantaneous term we get
1 a)2 ! ! I I 7
= 1-— 7 JooJoo — Jor1Jo1 — JoaJoz — JipJ10 — Jo0J20 (5.5)
and for the retarded term (J1p # Jo1)
1 1
m[E(Jlll — .12/2)(.]11 — J22)+J{2J12+12/1J21:|. (56)

The retarded term represents a sum of three independent products,
+11J], — B, +i(J), + BT — Jop —i(J12 + Jap)]

+ 301, — T3y — i + B — T +i(J12 + J21)]

+5U1 = I3 Up = I, (5.7)
or polarizations corresponding to the helicities A = £2,0. Thus all negative-norm states
are excluded from the spectrum of the second-rank tensor gauge field A,,;, due to the gauge

invariance of the theory and we come to the conclusion that the theory does indeed respect
unitarity at the free level.
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6. Conclusion

In this paper, we are constructing perturbation theory in the coupling constant g. All qualities:
the Lagrangian (1.1) £ = K + gM + g>N, the field strength tensors (1.3) G = F + g[A, A],
the Bianchi identities (A.4), the exact equation of motion (3.1) and exact extended gauge
transformations & and & can be consistently expanded in powers of g. As a first step, we are
considering the properties of the theory in zero order of g and then its interactions. The above
consideration comprises the complete analysis of the spectrum for the second-rank tensor
gauge field and its tree-level interactions.

The Lagrangian (1.1) contains tensor gauge fields of all ranks. We have here an example
of field theory with infinitely many interacting fields. Our knowledge of such field theories is
limited. What we can do is to study their properties in steps. In particular, we have concentrated
here on lower-rank tensor gauge field. More should be done in order to understand the structure
of the particle spectrum at higher levels.
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Appendix A. Bianchi identity

The non-Abelian tensor fields A7, _, can be seen as appearing in the expansion of the
extended gauge field A, (x, e) over the unit tangent vector e, [42-44],

[e.¢]
1
Ay (x,e) = E ;A;’“\],,,)\A(JC)L“Q1 ey,
s=0 "

and the extended field strength tensor can be defined in terms of the extended gauge field
A, (x, e) as follows:

Guw(x,e) = 0,A,(x,e) — 3,4, (x,e) —ig[A.(x,e), A, (x, e)].
Defining the extended covariant derivative: D, = 9,, —ig.A,,, one can get [44]

[Du. Dyl = [0y — ig Ay, 3y —igAy] = —igG . (A.D)
The operators D,,, D,, D, obey Jacobi identity,

[Du, [Dy, Dyl + [Dy, [Ds, Dpll + [Dy, [Dy, Du1] = 0,
which with the aid of (A.1) is transformed into the generalized Bianchi identity

[Dys Gvil + [Dy, Gaul +[Di, Guvl = 0. (A.2)
Let us now expand equation (A.2) over e, up to the linear terms. We have

[0, —igA, —igA,se’, Gy + G,y pe’]+ cyc.perm. + 0 =0.
In zero order the above equation gives the standard Bianchi identity in YM theory,

[Dy, Gyl + 1Dy, Gyl + 1Dy, Gl =0, (A.3)
where D, = 9, —igA,,. The linear term in e, gives
[Dy, Gopl —18[Aup, Gual + Dy, Gip,pl

—igl[Avp, Gapl + [Dy, G pl —18[Asp, Gyl = 0. (A4)

14
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Using explicit form of the operators D,,, G, and G, ; one can independently check the last
identity and get convinced that it holds. Now, if we expand the above equation over g, the
zeroth order gives the Bianchi identity for the free-field strength tensor F, ,,

0uFup+0uFip,+ 03 Fy,=0. (A.5)
These equations impose tight restrictions on the source currents and hence on the nature of
interactions.

Appendix B.
The matrix operator in gravity (3.12) is of dimension 10 x 10 and has the following form:
0 0 0 0 —k? 0 0 —k? 0 0
o - o o 0 0 —kwo g 0 0
o o - o 0 0 0 0o -k 9
0 0 0 0 kw 0 0 kw 0 0
—k> 0 0 —kw 0 0 0 kK-wr 0 -—uw?
0 0 0 0 0 1=k +w? 0 0 0 @D
0o k o o0 0 0 w 0 0 0
—k*> 0 0 —kw k*—w? 0 0 0 0 —w?
0o o k9 0 0 0 0 o0
0 0 0 0 —w? 0 0 —w? 0 0
and for the antisymmetric tensor field (3.16) it is of dimension 6 x 6,
T
0 O2 0 0 0 (2)
0 0 0 2(=k+whH 0 0 B2
00 0 50
0 -5 0 0 0 5.

The matrix operator for non-Abelian tensor gauge theory (3.4) is of dimension 16 x 16 and
has the following explicit form:

o0 0o o0 o & 0 0 0 0 -£ 0 0 0 0 0
0 -k 0o o0 % 0 0 koo 0 0 0 0 —ko 0 0
0 0 -k 0 0 0 0 0o £ 0 0 kg 0 —ke 0
0 0 0 0 0 o 0 0 0 0 b 0 0 0 0
0 % 0o 0o -k 0 0 —ko 0 0 0 0 ko9 0
-2 0 0 -k 9 0 0 0 0 0 l@-o®) 0 -k o o -9
00 0 0 0 0 R+ 0 0 l@-od) 0 0 0 0 0 0
0 % 0 0 ko 0 0 0 0 0 0 0 -% 0 0
0o 0 & o o 0 0 0 -k 0 0 —ko 0 0 % o
00 0 0 0 0 1®-e®) 0 0 K+’ 0 0 0 0 0 0
-£ 0 0 -k o K- 0 0 0 0 0 0 —k o o -2
0 0 -2 o o 0 0 0 ko 0 0 @ 0 0 -2 0
0 0 0 0 0 ko 0 0 0 0 ko 0 0 0 0 O
0 ko 0 0 -k 0 0o -2 0 0 0 0 0 @ 0 0
0 0 ko 0 0 0 0 0 —k 9 0 -2 0 0 & 0
o 0o 0o o0 o -2 0 0 0 0 . 00 0 0 0
(B.3)

and allows us to calculate its rank as a function of momenta.
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